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Abstract. Vecef derived a degenerate parabolic equation with a bound- 
ary condition characterizing the price of Asian options for both discrete 
and continuous arithmetic average. It is well understood that there exists 
a unique probabilistic solution to such a problem. However, due to de- 
generacy of the partial differential operator and lack of smoothness in the 
boundary data, the regularity of the probabilistic solution remained un- 
clear in the case of discretely sampled Asian options. We prove the prob- 
abilistic solutions of Vecef 's equation associated with discretely sampled 
Asian options are regular solutions. 



1 . Introduction and Main result 

An Asian option is a specialized fomi of an option where the payoff is 
not determined by the underlying price at maturity, but is connected to the 
average value of the underlying security over certain time interval. In an 
interesting article f5], Vecef presented a unifying PDE approach for pric- 
ing Asian options that works for both discrete and continuous arithmetic 
average. By using a dimension reduction technique, he derived a simple 
degenerate parabolic equation in two variables (t, x) 6 [0, T) x K. 

(1.1) u, + ^(^x- e-^o'i^(^^q(t)J (T^u,, = 

supplemented by a terminal condition 

(1.2) uiT,x) = ix-K)+:=maxix-K,0), 

which gives the price of the Asian option. Here, v{t) is the measure repre- 
senting the dividend yield, cr is the volatility of the underlying asset, q{t) is 
the trading strategy given by 

(1.3) q(t) = exp |- Jv(5)| • exp |-r(r - + ^ dv{T)^ d^is), 
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(1.6) 



where r is the interest rate and }u{t) represents a general weighting factor. 
We ask readers to refer to Q for the derivation of the equation (11.11) . It 
should be noted that 

(1.4) b(t) := e-/o''>'W^(?) 

= exp |- J Jv(5)| • ^ exp |-r(r ~ ■^^ (^K^)! dfi{s) 

is a nonnegative, monotone decreasing function defined on [0, T]. 

It is mathematically natural to investigate existence, uniqueness, and reg- 
ularity of a solution to the degenerate parabolic problem (11.11) . (11.21) . The 
existence and uniqueness question can be easily answered by using a prob- 
abilistic argument. Indeed, the problem (|l.ll) . (11.21) admits a unique proba- 
bilistic solution 

(1.5) uit,x):=Ef(XT(t,x)), 

where f(y) := (j - K)+ and X,, = Xs(t,x) is the stochastic process that 
satisfies, for t e [0, T] and jc 6 R, the following SDE: 

dX, = {X, - b,)crdw„ s > t, (b, = b(s) ) 
X, = X. 

On the other hand, regularity of the probabilistic solution u defined in (11.51) 
is a much more subtle issue. There is a classical result, originally due to 
Freidlin, saying that if / in (11.51) is twice continuously differentiable and 
satisfies a certain growth condition, then u{t, x) defined by (11.51) is mean- 
ingful and twice difl'erentiable with respect to x continuously in (t, x), etc.; 
see e.g. [2, Theorem V.7.4]. However, in our case, / is only Lipschitz con- 
tinuous and thus the above mentioned result is not applicable. As a matter 
of fact, it is not trivial whether or not the problem (11.11) . (11.21) admits any 
classical or strong solution. This regularity question was studied by one of 
the authors in a very recent paper [IJ. It is shown in [IJ that if ^ = (in this 
case we have the fixed strike Asian call option) and if b{t) is a monotone 
decreasing Lipschitz continuous function, then the probabilistic solution u 
defined in (11.51) is indeed a classical solution. We note that b(t) satisfies 
such an assumption if J/i(?) = p(t) dt for some p 6 ^"([0, T]) satisfying 
p{t) > po > 0; i.e. the measure fi{t) is absolutely continuous with respect 
to the Lebesgue measure dt and its density function p(t) is strictly posi- 
tive and bounded. This specifically excludes the case when //(?) is a linear 
combination of Dirac delta functions (e.g., dfi{t) = ^ 2Li ^(j;T)dt), which 
corresponds to discretely sampled Asian options; see [4, 5j for the details. 

Since discrete sampling of an Asian option arises quite often in practice, 
it is of special interest to study regularity of the probabilistic solutions as- 
sociated with discretely sampled Asian options and we will do it in this 
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article. Our main result is, roughly speaking, that the probabilistic solu- 
tion u{t, x) of the problem (11.11 ). (11.21) associated with a positive measure 
dfJ-it) = 2?=i C(i6{ti) dt is an almost classical solution. Let us formulate the 
above statement in a more precise way. We assume that the measure //(f) in 
(11.31 ) is given by 

k 

dnit) = ^ ai6{ti) dt, a,- > 0, < ti < . . . < tk < T 

i=l 

so that b{t) in (11.41) becomes a monotone decreasing step function 

k+i 

(1.7) b(t) = Y,/3a(,^„tM ySi > . . . > A > A+i := 0, 

!=1 

to '■= h+\ ■= T. 

Then the equation (11.11) and the terminal condition (11.21) now read as fol- 
lows: 

(1.8) ut + \(x- b(t)f cr^u^^ = 0. 

(1.9) u{T,x) = (x- K)+. 

As it will be explained in Remark fl . 1 1 I below. we will assume that K + b{T) 
in our main theorem. Throughout the article, we shall denote 



Ir := [0,r)x]R, Hr:=[0,r]xR, 



We now state our main theorem. 



X 



V i=l 



Theorem 1.10. Let b{t) be a monotone decreasing function given by (11.71) . 
Suppose u is the probabilistic solution of the problem (11.81 ). (II. 91 )." i.e., u(t, x) 
is defined by (11.51) . Then u(t, x) is continuous in Hj- and satisfies the terminal 
condition (11.91 ). Moreover, if K b{T), then u{t,x) is twice differentiable 
with respect to x continuously in H7, differentiable with respect to t contin- 
uously in Wj., and satisfies the equation (|1.8I) in Wj.. 

The proof of Theorem 1 1 . 1 01 uses ideas developed in [IJ and will be pro- 
vided in the next section. Here are some remarks regarding the conclusions 
of Theorem ll.lOi 

Remark 1.11. Suppose K = b(T) and let T' = mf{t e [0,T] : b(t) = K}. 
It is a matter of computation to verify that probabilistic solution u of the 
problem (fLSl) . (fr9l ) in [T', T] x R is given by u(t, x) = {x- K)+. Of course, 
u is not twice continuously differentiable with respect to x there. However, 
unless b(t) = K, we must have T' > and then u(t, x) is also the probabilis- 
tic solution of (11.81 ) in Hr with the terminal condition u(T', x) = (x - K)+. 
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Therefore, in this case, we can still apply Theorem ll.lOl by replacing T by 

r. 

Remark 1.12. In Vecef's PDE method, the price of Asian option is deter- 
mined by m(0, •)• Theorem 1 1.1 01 suggests that to minimize numerical error 
in computing m(0, •) by finite difference methods, it is better to include all 
the discrete sampling points ?,'s in time grids. 

We close this section by introducing some notations which will be used in 
the proof. We define the parabolic distance between the points z\ = Xi) 

and Z2 = {ti, X2) as 

\z\ - Z2\p ■= max( Vl^i - h\, - -^zD- 

Let a 6 (0, 1) be a fixed constant. If m is a function in a set 2 c R^, we 
denote 

r T Hzi) - U(Z2)\ , , 11 
[u]a/2,a;Q= SUp ■ , |M|o;e = SUp |m|, 

zi*Z2 \Zl - Z2\p Q 

\n\a/2,a-Q = \h\q;Q + [u]a/2,a;Q- 

By C"^^'"{Q) we denote the space of all functions for which \u\a/2,a;Q < 
We also introduce the space c^+'^'/^-Maf^Q-^ ^^le set of all functions u defined 
in Q for which both 

[n]l+a/2,2+a;Q '— ['^t]a/2,a;Q + \Mxx\al2,a;Q < 0° ^nd 
\n\l+a/2,2+a;Q '■— Mo;Q + l"jclo;e + l"flo,e + l"xxlo,2 + Ml+a/2,2+a;Q < 

The function space C^'^{Q) denotes the set of all functions defined in Q for 
which 

\u\q;Q + \Ux\o;Q + \Ut\o,Q + \Uxx\o,Q < 

We say u e C];^"'^'^''"iQ) if u e c^+<^n'^+»(Q') for all compact set Q' Q 
and similarly, u 6 C];l{Q) if u e C^'^iQ') for all compact set Q' e Q. 

2. Proof of Theorem 11.101 

The proof uses essentially the same ideas as that of (V\ but the technical 
details are much different. For {t, x) e Hj, let = Xs(t, x) be the stochastic 
process which satisfies (11.61) . It is well known that such a process exists; 
see e.g., [|2l Theorem V.1.1]. The probabilistic solution u of the problem 
(|1.8I) . ( 11.91) is then given by the formula (11.51) . It is then evident that u is 
continuous in and satisfies the terminal condition (11.91) . If / in (11.51) 
were twice continuously differentiable, then, as it was mentioned in the in- 
troduction, the theorem would follow from [2, Theorem V.7.4]. But this is 
clearly not the case since f(y) = (y - K)+ is merely a Lipschitz continuous 
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function. However, it should be pointed out that u also has the representa- 
tion 

u(t, x) = Eu(XT'(t, x)), Vr' e [t, T]. 

Therefore, if u{T',-) is twice continuously differentiable for some T' e 
(0, T), then we would have the second part of the theorem with T replaced 
by T'; i.e., u(t,x) is twice differentiable with respect to x continuously in 
Hy/, differentiable with respect to t continuously in H'^,,, and satisfies the 
equation (fL8] ) in H'^,,. 

Let := b(,T) and T := M {t 6 [0, T] : b(t) = fi}. By the above observa- 

1 2 

tion, we have the theorem if we show that u e C,^^([r', T) x R) and satisfies 
the equation (11.81) there. Therefore, it will be enough for us to consider a 
simple case when b(t) = /3 and prove that the probabilistic solution u of the 
problem 

Ut + \(T^ {x - pf = in Hy, 
M(r, x^ = {x- K)+ 

is a classical solution provided /3 K. By means of a change of variable 
jc 1-^ .x: + /3, we are further reduced to consider the case 13 = 0, K and the 
problem 

(2.1) Ut + ^(T^x^u^jc = in Ht-, 

(2.2) u{T,x) = ix-K)^. 

We claim that the probabilistic solution u of the above problem belongs 
to C^f^iHr) and satisfies the equation (12.11) pointwisely. By the reasoning 
described above, the proof of the theorem will be complete if we prove this 
claim. 

It only remains for us to prove the claim. We can derive an explicit for- 
mula for the probabilistic solution u(t, x) of the problem (|2.1I) . (|2.2I) as fol- 
lows. Let Ys = Ys(x) be the process satisfying the stochastic equation 

(2.3) dY, = crY, dw,„ 7,, = x. 

It is easy to verify that 7, is given by 7, = jce"""''"*''^. Note that u{t, x) is then 
given by 

(2.4) u{t, x) = E(YT-,ix) -K)^=E (^xe'^^^T-,-(T~m _ _ 

Since Y^ is a martingale and (y - K)+ = (y - K) + (K - y)+, we also have 

(2.5) uit, x) = x-K + e[K- jce'-"'r-,-(r-f)/2 _ 

The above computations lead us to define 

( E(xe'^'"^--^^-''>'^ - k) if K>0, 

(2.6) v(t,x):=\ ) ,r 

[E^K-xe"''^-'-^^-'^'^) if K<0. 
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By (IZ4l) and (|231) . we find that u e C;^^(Hr) and satisfies (|2?T1) if and only 
if V e C^;^(H7-) and satisfies dlH . Denote 

H+ := [0, r) X (0, oo), e,: := [0, T) x (-oo, 0). 

It is easy to clieck tliat v = in Hj- \ H+ if > and v = in Hj- \ H,: 
if ^ < 0. Also, by using an approximation argument similar to the one 
used in m, we find that v belongs to Cj//''^'^''"(H+ U H^) and satisfies the 
equation (12.11) in U regardless the sign of K. Therefore, the proof of 
the theorem will be complete if we show 

(2.7) lim(|v.^| + |v„| + \vt\)(t, x) = locally uniformly in t e [0, T). 

The following lemma, which plays the role of Lemma 2.1 in |[T1, is the 
key for proving the above statement (12.71) . 

Lemma 2.8. Let v be defined by (|2.6I) and denote 

j [0,T)xiO,K) if K>0, 
^- \ {0,T)x{K,0) if K<0. 

Then we have the following estimate for v{t, x) in Q: 
no: ^^ [2 ctK^ ( (In^)^ ] 

Proof. We shall assume that ^ > and carry out the proof. The proof 
for the case when ^ < is parallel and shall be omitted. First of all, it 
is clear from (12.61 ) that v > 0. For any (t, x) 6 Q, we define the process 
Z, = Z,{t, x) = {t + s, Y,(x)), where Y, = y,(x) = xe'^''-^-''^ satisfies the 
stochastic equation (12.31) above. Let r = T{t, x) be the first exit time of 
Zs{t, x) from Q. We define v{t, x) by 

V(f, X) = EgiZrit, X)) = Egit + T, Yrix)), 

where the values of g = gis,y) on the "parabolic boundary" dpQ of Q are 
given by 

g{T,y) = Q for Q<y<K, 
g{s, 0) = and g{s, K) = K for 0<s<T. 

We claim that v < v in To see this, first note that 

V{t, X) = EviZrit, X)) = Evit + T, Yr{x)). 

Thus, it is enough to show that v < ^ on dpQ. It is obvious that v{T,y) = 
for any y € (0, K) and v{t, 0) = for any t e [0, T]. Also, since (y - K)+ < y 
for any y >0 and e"'^"'"''^'^ is a martingale, we have 

v{t, K)<E (i^e'-"'r-,-(r-f)/2-| ^ ^ j.^ 
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It thus follows that v < v in Q. Therefore, we have 
v(t, x) < vit, x) = K¥{xe'^''^-^'^ = K) 



<KF\ sup (crw, - s/2) > IniK/x) 

{0<s<T-t 

< KF \ sup (o-w, - s/2) > \n(K/x) 

{o<s<T 

< KP\ sup w, > (T-^ ln(iS:/jc)l = 2KP{wt > (t'^ HK/x)} 

{o<s<T ) ' 

^ ^ [2 crVf / (\n(K/x)f 



n\n{K/x) ^ 1^ (T^T 
where, in the last step, we have used an inequality 

1 r"" 

e-'''^dx<- xe-'''^dx = a-'e-''''\ Va > 0. 

The lemma is proved. □ 

Now, we are ready to prove the statement (|2.7h and thus, the theorem. 
Again, as in the proof of Lemma IZ8l we shall assume that ^ > since the 
case when ^ < can be treated in a similar way. 

We extend v to zero on (T, oo) x (0,^). Then, it is easy to see that v 
belongs to Cl^^'^'^^^dO, oo) x (0, K)) and satisfies both the equation dO) 
and the estimate (|Z9l) in [0, oo) x (0, K). Denote 

Crik, xo) := (to, tQ + \)x (xo -r,xo + r), lip := (0,p^) x (-p,p). 

Let (to, Xo) 6 [0, T) X (0, 2K/3) and set r = r(jco) := xo/2. Define 

V(t, x) = v{to + t,Xo + rx) 

It is easy to verify that V{t, x) satisfies the equation 

Vt + ]^a{x)V^^ = in Hi, 

where a{x) := cr^r'^ixo + rx)^ satisfies 

cr^ <a{x)<9o-'^ and \a'{x)\ < 6ct^ , Vx e (-1, 1). 

Therefore, by the interior Schauder estimates (see e.g., [SJ), there is some 
C = C(cr) such that 

IK(o,o)i + |y„(o,o)i + |y,(o,o)i < csupivi, 

ni 

while by the estimate (12.91) we have 

ivi I I ^ ^-gV2f / (ln|ii:/3r|)^ 

sup \V\ = sup |v| < exp \ — — 

ni c,(/o,A-o) V^ln|i^/3r| [ cr^T 
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Hence, there is some ro = ro(K) and = N(cr, T, K) such that 

(2.10) |y.(o,o)i + |y,,(o,o)i + |y,(o,o)i < Ne~^''"'^"i\ 

provided that r < tq. Note that (12.101 ) translates to as follows: There is some 
ro = ro(^) and N = N{cr, T, K) such that if xq < ro then 

^o|v;.ao,^o)l + ^(,\vxx{k,xo)\ + |v,ao,xo)| < A^e-('"-^«)'/^. 

The above estimate obviously implies (12.71) . The theorem is proved. 
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